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COMPLETELY BOUNDED PALEY PROJECTIONS ON
ANISOTROPIC SOBOLEV SPACES ON TORI
YANQI QIU
Abstract. We study the existence of certain completely bounded
Paley projection on the anisotropic Sobolev spaces on tori. Our
result should be viewed as a generalization of a similar result ob-
tained by Pe lczyn´ski and Wojciechowski in [3]. By a transference
method, we obtain similar results on the Sobolev spaces on quan-
tum tori.
1. Introduction
Let S ⊂ Nd be a finite subset, containing the origin and satisfying
some saturation conditions. The anisotropic Sobolev space W S1 (T
d) is
defined via the norm
‖f‖S,1 =
∑
γ∈S
‖∂γf‖L1(Td).
In [3], necessary and sufficient conditions on S are given under which
there exist the so-called Paley projections on W S1 (T
d).
By the definition, W S1 (T
d) embeds isometrically in ℓ
|S|
1 (L1(T
d)), it
is well-known that on the latter space, there exists a natural operator
space structure, and we will equipW S1 (T
d) with the sub-operator space
structure via the above embedding.
Following the proofs in [3], we show that under the same conditions
on S, the projections considered by Pe lczyn´ski and Wojciechowski are
in fact completely bounded. The complete boundedness of these pro-
jections can be applied to obtain similar results on the Sobolev space
W S1 (T
d
θ) associated to the quantum torus T
d
θ .
2. Prelininaries
Denote by N the set of non-negative integers. Fix a positive integer
d ≥ 1. The usual scalar product on the Euclidian space Rd is denoted
by 〈·, ·〉. We denote by Td the group (R/2πZ)d equipped with its nor-
malized Haar measure dx, it will be identified with the cube [−π, π)d in
a standard way. The dual group of Td is Zd such that to each n ∈ Zd is
1
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assigned the character χn : T
d → C defined by χn(x) = e
i〈x,n〉. Trigono-
metric polynomials are complex linear combinations of characters. The
set of trigonometric polynomials on Td is denoted by Pd.
To each γ = (γ(j)) ∈ Nd, we associate with the partial derivative
∂γ =
∂|γ|
∂
γ(1)
x(1)∂
γ(2)
x(2) . . . ∂
γ(d)
x(d)
,
where |γ| = γ(1) + γ(2) + · · ·γ(d).
A smoothness S is a finite subset of Nd which contains the origin 0,
and such that: if α = (α(j)) ∈ S then every β = (β(j)) ∈ N such that
β(j) ≤ α(j) for j = 1, 2, · · · , d belongs to S.
For each γ ∈ Nd, we define the symbol σγ : R
d → C as the function:
if x = (x(j)) ∈ (R \ 0)d, then
σγ(x) = i
|γ|xγ =
d∏
j=1
(ix(j))γ(j),
otherwise, σγ(x) = 0.
The fundamental polynomial of a smoothness S is
QS =
∑
γ∈S
|σγ |
2,
which is a non-negative function on Rd.
The Sobolev space W Sp (T
d) is defined as the completion of Pd with
respect to the norm defined as following: if f ∈ Pd, then
‖f‖S,p :=
(∑
γ∈S
‖∂γf‖p
Lp(Td)
)1/p
.(1)
Remark 2.1. The original definition of ‖f‖S,p in [3] is
‖f‖S,p =
(∫
Td
(∑
γ∈S
|∂γf(x)|2
)p/2
dx
)1/p
,
which is equivalent to our definition since S is a finite set.
Let f ∈ L1(T
d), its spectrum spec(f) is
spec(f) := {n ∈ Zd : fˆ(n) =
∫
Td
f(x)e−i〈x,n〉dx 6= 0}.
Let Λ ⊂ Zd be an infinite subset. The projection PΛ : Pd → Pd is
defined by PΛf =
∑
n∈Λ fˆ(n)e
i〈·,n〉.
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Definition 2.2. In the above situation, PΛ will be called a Paley pro-
jection if there is some K > 0, such that
‖PΛf‖S,2 ≤ K‖f‖S,1, for all f ∈ Pd,
i.e. for all f ∈ Pd, we have(∑
n∈Λ
QS(n)|fˆ(n)|
2
)1/2
≤ K‖f‖S,1.
If PΛ is a Paley projection, then the natural mapping W
S
2 (T
d)Λ →
W S1 (T
d)Λ is an isomorphism. PΛ can be uniquely extended to be an pro-
jection on W S1 (T
d), which is still denoted by PΛ : W
S
1 (T
d)→W S1 (T
d).
For the operator space theory, we refer to the book [5] for a detailed
study. Here we recall that the usual Lp-spaces are equipped with a nat-
ural operator space structure (in short o.s.s. For the detail, see e.g.[5]
p.178 -p.180). Hence W S1 (T
d) is an operator space by the embedding
W S1 (T
d) ⊂ ℓ
|S|
1 (L1(T
d)).
We will use the following useful fact: Let E ⊂ L1(Ω, µ) and F ⊂
L1(M, ν) be two operator subspaces. Then a linear operator u : E → F
is completely bounded iff u⊗IS1 : E(S1)→ F (S1) is bounded, where S1
is the set of trace class operators and E(S1) and F (S1) are the closures
of E ⊗ S1 and F ⊗ S1 in L1(Ω, µ;S1) and L1(M, ν;S1) respectively.
Moreover,
‖u‖cb = ‖u⊗ IS1‖.
Recall that the operator space C + R is a homogeneous Hilbertian
operator space, which is determined by the following fact: if (ek) is an
orthonormal basis of C +R and (xk) is a finite sequence in S1, then
‖
∑
k
xk ⊗ ek‖S1[C+R] = inf{‖(
∑
k
y∗kyk)
1/2‖S1 + ‖(
∑
k
zkz
∗
k)
1/2‖S1},
where the infimum runs over all possible decompositions xk = yk + zk.
(For the definition of S1[E], see [4]). For convience, we will denote
|||(xk)||| := ‖
∑
k
xk ⊗ ek‖S1[C+R].
The following theorem of Lust-Piquard and Pisier will be used in
this note.
Theorem 2.3. (Lust-Piquard & Pisier) Let (nk) be any increasing
sequence which is lacunary a` la Hadamard, i.e. limnk+1
nk
> 1. Then
there exists K > 0, such that for any finite sequence (xk) in S1, we
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have
1
K
|||(xk)||| ≤ ‖
∑
k
xke
inkt‖L1(T;S1) ≤ K|||(xk)|||.(2)
Remark 2.4. Under the same condition as in the above theorem, by
the equivalence (2), it is easy to see that if (ak) is a bounded sequence
in C, then
‖
∑
k
akxke
inkt‖L1(T;S1) . ‖
∑
k
xke
inkt‖L1(T;S1).
If (ak) is moreover uniformly separated from 0, i.e. infk |ak| > 0, then
‖
∑
k
akxke
inkt‖L1(T;S1) ≈ ‖
∑
k
xke
inkt‖L1(T;S1).
Definition 2.5. A smoothness S ⊂ Nd is said to have Property (O) if
there are α, β ∈ S with |α| 6≡ |β| mod 2 and c = (c(j)) with c(j) > 0
such that:
(i) 〈α, c〉 = 〈β, c〉 = 1
(ii) 〈γ, c〉 ≤ 1 for all γ ∈ S.
Remark 2.6. Assume that S has property (O) and let α, β ∈ S be the
two points in S as in the definition of property (O). Then there exists
a sequence (nk) ⊂ N
d such that
lim
k
inf
j
nk(j) =∞(3)
and
ρ = min{inf
k
|σα(nk)|
QS(nk)1/2
, inf
k
|σβ(nk)|
QS(nk)1/2
} > 0.(4)
For the proof, see Proposition 1.2 in [3].
We end this section by stating the following technical proposition
from [3].
Proposition 2.7. (Pe lczyn´ski & Wojciechowski ) Let S ⊂ Nd be a
smoothness. Then given ε with 0 < ε < 1 and D = 1, 2, · · · there exists
ρ = ρ(D, ε) > 1 such that, for every m,n ∈ Zd, if min1≤j≤d |n(j)| ≥ ρ
and if
∑d
j=1 |n(j)−m(j)| ≤ D then
|1−QS(n)QS(m)
−1| < ε;
∑
α∈S
∣∣∣∣ |σα(m)|QS(m)1/2 −
|σα(n)|
QS(n)1/2
∣∣∣∣
2
< ε2;
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∑
α∈S
∣∣∣∣ σα(m)QS(m)1/2 −
σα(n)
QS(n)1/2
∣∣∣∣
2
< ε2.
3. Main result
Theorem 3.1. If the smoothness S satisfies Property (O), then there
exists a completely bounded Paley projection PΛ : W
S
1 (T
d) → W S1 (T
d)
associated to some infinite sequence Λ = (nk) ⊂ Z
d. Moreover, the
linear map Pˆ : W S1 (T
d)Λ → C +R defined by
Pˆ f =
∞∑
k=1
QS(nk)
1/2fˆ(nk)ek
is a complete isomorphism, where (ek)
∞
k=1 is an orthonomal basis of
C +R.
The following lemma will be used in the proof of Theorem 3.1.
Lemma 3.2. Assume that Σ ⊂ Zd is an infinite subset satisfies the
conditions n(1) ≥ 1, ∀n ∈ Σ \ {0} and the projection to the first coor-
dinate Σ→ N defined by n 7→ n(1) is injective. Assume moreover that
Λ = (nk)
∞
k=1 is an infinite sequence in Σ such that
inf
k
nk(1)
nk−1(1)
> 1.
Then the natural map
PΣ,Λ : L1(T
d)Σ → L1(T
d)Λ
is completely bounded and L1(T
d)Λ is completely isomorphic to C +R.
Proof. We shall prove that the projection L1(T
d;S1)Σ → L1(T
d;S1)Λ
is bounded. Let Γ be the image of the first projection Σ → N. The
injectivity of n 7→ n(1) on Σ implies that there is a map m : Γ→ Zd−1
such that n = (n(1), m(n(1))) for all n ∈ Σ. We write x ∈ Td as a
pair x = (t, y) ∈ T × Td−1. To each y ∈ Td−1 and g ∈ L1(T
d;S1) we
associate with a function gy : T → S1 defined by gy(t) = g(t, y). If
g ∈ L1(T
d;S1)Σ, then
g(t, y) ∼
∑
n∈Σ
gˆ(n)ei〈(t,y),n〉 =
∑
n(1)∈Γ
gˆ(n)eitn(1)ei〈y,m(n(1))〉.
This implies that spec(gy) ⊂ Γ ⊂ N and
gˆy(n(1)) = gˆ(n)e
i〈y,m(n(1))〉.
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By [2], as operator space, L1(T)Γ is completely isomorphic to C + R.
Hence for any fixed y ∈ Td−1,
‖
∑
n(1)∈Γ
gˆ(n)eitn(1)ei〈y,m(n(1))〉‖L1(T;S1) ≈ ‖
∑
n(1)∈Γ
gˆ(n)eitn(1)‖L1(T;S1).
It follows that
‖g‖L1(Td;S1) =
∫
Td−1
‖
∑
n(1)∈Γ
gˆ(n)eitn(1)ei〈y,m(n(1))〉‖L1(T;S1)dy
≈ ‖
∑
n(1)∈Γ
gˆ(n)eitn(1)‖L1(T;S1)
= ‖
∑
n(1)∈Γ
gˆ(n)eitn(1)‖H1(T;S1).
Similarly, we have
‖PΣ,Λg‖L1(Td;S1) ≈ ‖
∞∑
k=1
gˆ(n)eitnk(1)‖H1(T;S1).
The sequence (nk(1))
∞
k=1 is lacunary, thus we can apply Corollary 0.4
in [2] to obtain
‖
∞∑
k=1
gˆ(n)eitnk(1)‖H1(T;S1) . ‖
∑
n(1)∈Γ
gˆ(n)eitn(1)‖H1(T;S1).
Combining the above inequalities, we have
‖PΣ,Λg‖L1(Td;S1) . ‖g‖L1(Td;S1).
This completes the proof that PΣ,Λ : L1(T
d)Σ → L1(T
d)Λ is completely
bounded.
The fact that L1(T
d)Λ ≈ C + R is then easy. Indeed, if h ∈
L1(T
d;S1)Λ, then
‖h‖L1(Td;S1)Λ ≈ ‖
∞∑
k=1
hˆ(n)eitnk(1)‖H1(T;S1) ≈ |||(hˆ(n))|||.(5)
In other words, L1(T
d)Λ ≃ C +R completely isomorphically. 
Remark 3.3. In the situation of Lemma 3.2, the map
P˜Σ,Λ : L1(T
d)Σ → C +R
defined by P˜Σ,Λf =
∑∞
k=1 fˆ(nk)ek, where ek is an orthonormal basis of
C +R, is completely bounded.
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Proof of Theorem 3.1. Our proof follows the proof of Proposition 2.2
in [3]. Let α, β ∈ S and (nk) ∈ N
d be as in Remark 2.6. Since |α| 6≡
|β| mod 2, one can assume that for all k,
sign(
σα(nk)
σβ(nk)
) = i|α|−|β| = τ,
sign(
σα(−nk)
σβ(−nk)
) = (−i)|α|−|β| = −τ.
Here sign(z) := z
|z|
for z ∈ C \ 0.
Replacing, if necessary, the sequence (nk) by a rapidly increasing sub-
sequence, we can assume without loss of generality that the sequence
(nk) satisfies the conditions:
(i)
∑k−1
r=1
∑d
j=1 nr(j) < minj nk(j) for k = 2, 3, · · · ,
(ii) limk
|σα(−nk)|
|σβ(−nk)|
= limk
|σα(nk)|
|σβ(nk)|
= ℓ > 0,
(iii)
∑∞
k=1 |σα(−nk) + τℓσβ(−nk)|QS(nk)
−1/2
=
∑∞
k=1
∣∣∣|σα(nk)| − ℓ|σβ(nk)|∣∣∣QS(nk)−1/2 < 12 ,
(iv)
∑∞
k=1
∑
m∈Bk
|σα(−m) + τℓσβ(−m)|QS(−m)
1/2 < 1,
where B1 = {n1} and for k = 2, 3, · · · ,
Bk =
{
m ∈ Zd :
d∑
j=1
|m(j)− nk(j)| ≤
k−1∑
r=1
d∑
j=1
nr(j)
}
.
Notice that item (iv) follows from (iii) , Proposition 2.7 and also the
assumption that (nk) increase sufficiently fast.
Define M : W S1 (T
d)→ L1(T
d) by
Mf = ∂αf + τℓ∂βf −
∞∑
k=1
∑
m∈Bk
(σα(−m) + τℓσβ(−m))fˆ(−m)e
−i〈·,m〉.
Then M is completely bounded. Indeed, consider the map M ⊗ IS1 :
W S1 (T
d;S1)→ L1(T
d;S1). If g ∈ W
S
1 (T
d;S1), then
‖∂αg‖L1(Td;S1) + ‖∂
βg‖L1(Td;S1) ≤ ‖g‖WS1 (Td;S1).
Remember that σγ(n)gˆ(n) =
∫
Td
∂γg(x)e−i〈x,n〉dx, hence for any γ ∈ S,
‖σγ(n)gˆ(n)‖S1 ≤ ‖∂
γg‖L1(Td;S1) ≤ ‖g‖WS1 (Td;S1).
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Hence QS(n)
1/2‖gˆ(n)‖S1 ≤ |S| · ‖g‖WS1 (Td;S1). Combining with (iv), we
have
‖
∞∑
k=1
∑
m∈Bk
(σα(−m) + τℓσβ(−m))gˆ(−m)e
−i〈·,m〉‖L1(Td;S1)
≤ |S| · ‖g‖WS1 (Td;S1).
Hence M ⊗ IS1 is bounded and M is completely bounded.
Next, consider the measure µR on T
d given by the Riesz product
R(x) =
∞∏
k=1
(1 + cos〈x, nk〉) =
∞∏
k=1
(1 +
1
2
ei〈x,nk〉 +
1
2
e−i〈x,nk〉).
Then the convolution map MR : L1(T
d) → L1(T
d) defined by MRf =
f ∗ µR is obviously completely contractive. In the definition of this
Riesz product, we assume that
nk+1(1)
nk(1)
≥ 3, for all k = 1, 2, · · · . Notice
that we have
spec(µR) =
{
d1n1+d2n2+· · ·+dknk : k ∈ N, d1, d2, · · · dk ∈ {−1, 0, 1}
}
.
Claim A: spec(µR) ⊂ {0} ∪
⋃∞
k=1(Bk ∪ (−Bk)). Indeed, if m ∈
spec(µR) \ {0}, then there exist k ≥ 1 and d1, d2, · · · , dk ∈ {−1, 0, 1},
such that dk 6= 0 andm = d1n1+d2n2+· · ·+dkmk. Replacingm by−m,
if necessary, one may assume that dk = 1, then m − nk =
∑k−1
r=1 drnr,
it follows that
∑d
j=1 |m(j)− nk(j)| ≤
∑k−1
r=1
∑d
j=1 nr(j), i.e. m ∈ Bk.
Claim B: The projection to the first coordinate spec(µR) → Z is
injective. Indeed, if n,m ∈ spec(µR) such that n(1) = m(1), suppose
that n = d1n1+d2n2+ · · ·+dknk and m = d
′
1n1+d
′
2n2+ · · · d
′
k′nk′ , then
by a simple computation (cf. e.g. [1]), we have k = k′ and d1 = d
′
1,
d2 = d
′
2, · · · , dk = d
′
k, hence n = m. In other words, the projection to
the first coordinate spec(µR)→ Z is injective.
Let Σ = {0} ∪
⋃∞
k=1Bk. It can be easily checked that the image
Im(MRM) of the composition operator MRM is contained in L1(T
d)Σ.
By the definition of Bk and condition (i) on the sequence (nk) , if
m ∈ Bk, then
m(1) ≥ nk(1)−
k−1∑
r=1
d∑
j=1
nr(j) > 0.
We are now in the situation of Lemma 3.2, thus we obtain a com-
pletely bounded projection PΣ,Λ : L1(T
d)Σ → L1(T
d)Λ. By composi-
tion, we obtain the following completely bounded map
PΣ,ΛMRM :W
S
1 (T
d)→ L1(T
d)Λ.
COMPLETELY BOUNDED PALEY PROJECTIONS ON ANISOTROPIC SOBOLEV SPACES ON TORI9
By computation, we have
PΣ,Λf =
∞∑
k=1
ρkQS(nk)
1/2fˆ(nk)e
i〈·,nk〉,
where ρk =
σα(nk)+τℓσβ(nk)
2QS(nk)1/2
. By (4),
|ρk| =
1
2
(|σα(nk)|+ ℓ|σβ(nk)|)QS(nk)
1/2 ≥
1
2
ρ(1 + ℓ).
On the other hand, it is obvious that |ρk| ≤
1
2
(1 + ℓ). Let g : Td → S1,
then
‖PΛg‖WS1 (Td;S1) =
∑
γ∈S
‖
∞∑
k=1
σγ(nk)gˆ(nk)e
i〈·,nk〉‖L1(Td;S1)
By (5) ≈
∑
γ∈S
‖
∞∑
k=1
σγ(nk)gˆ(nk)e
itnk(1)‖L1(T;S1)
By Remark 2 .
∑
γ∈S
‖
∞∑
k=1
QS(nk)
1/2gˆ(nk)e
itnk(1)‖L1(T;S1)
By Remark 2 and |S| <∞ ≈ ‖
∞∑
k=1
ρkQS(nk)
1/2gˆ(nk)e
itnk(1)‖L1(T;S1)
By (5) ≈ ‖
∞∑
k=1
ρkQS(nk)
1/2gˆ(nk)e
i〈·,nk〉‖L1(Td;S1)
= ‖(PΣ,ΛMRM ⊗ IS1)g‖L1(Td;S1)
. ‖g‖WS1 (Td;S1).
This completes the proof that PΛ : W
S
1 (T
d) → W S1 (T
d) is completely
bounded. For the second assertion of the theorem, we only need to
notice that by Remark 2.6, |σα(nk)| ≥ ρQS(nk)
1/2 for all k, hence if
g ∈ W S1 (T
d;S1)Λ, then
‖g‖WS1 (Td;S1) ≥ ‖∂
αg‖L1(Td;S1) = ‖
∞∑
k=1
σα(nk)gˆ(nk)e
i〈·,nk〉‖L1(Td;S1)
& ‖
∞∑
k=1
QS(nk)
1/2gˆ(nk)e
i〈·,nk〉‖L1(Td;S1)
≈ ‖
∞∑
k=1
QS(nk)
1/2gˆ(nk)⊗ ek‖S1[C+R].

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Using Theorem 3.1, then by a classical transference method, we have
the following corollary, for the definition of quantum torus Tdθ and
harmonic analysis on it, we refer to the paper [6].
Corollary 3.4. Under the same condition of Theorem 3.1, there ex-
ists a completely bounded Paley projection PΛ : W
S
1 (T
d
θ) → W
S
1 (T
d
θ)
associated to some infinite sequence Λ = (nk) ⊂ Z
d.
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